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1Preliminaries.
1.1 Kac-Moody algebras. Kac-Moody algebra \uparrow :
$A=(a_{ij})_{i,j\in I}$ : symmetrizable generalized Cartan matrx (GCM) with $\#(I)<\infty$
$\mathfrak{g}=\mathfrak{g}(A)$ : symmetrizable Kac-Moody $\mathrm{a}\mathrm{l}\mathrm{g}\mathrm{e}\mathrm{b}\mathrm{r}\mathrm{a}/\mathbb{C}$ associated to $A$
$\mathfrak{h}$ : Cartan subalgebra of $\mathfrak{g}$
$\{\alpha_{i}\}_{i\in I}$ : the set of simple roots, $\{\alpha_{i}^{\vee}\}_{i\in I}$ : the set of simple coroots
$\{x_{i}, y_{i}\}_{i\in I}$ : Chavalley generators, where $x_{i}\in \mathfrak{g}_{\alpha}$:and $y_{i}\in\emptyset-\alpha$:
$\mathfrak{n}_{+}$ : the sum of positive root spaces
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$b:=\mathfrak{h}\oplus \mathfrak{n}+:$ Borel subalgebra of $\mathfrak{g}$
$W$ : Weyl group of $\mathfrak{g}$
$L(\lambda)=\oplus_{\chi\in \mathfrak{h}^{*}}L(\lambda)_{\chi}$ : irreducible highest weight module of highest weight $\lambda$
$L_{w}(\lambda):=U(\mathrm{b})L(\lambda)_{w(\lambda)}$ : Demazure module of lowest weight $w(\lambda)$ in $L(\lambda)$ ,
where $\lambda$ is a dominmt integral weight and $w\in W$
$1.2$ Diagram automorphisms. $\omega:Iarrow I\text{ }\mathrm{b}\mathrm{i}\mathrm{j}\mathrm{e}\mathrm{c}\mathrm{t}\mathrm{i}\mathrm{o}\mathrm{n}\mathrm{C}\vee$ ,
$a_{\omega(:)}$ ,\mbox{\boldmath $\omega$}(j)=a for a $i,$ $j\in I$ (1.2. 1)
. , $\omega$ GCM $A$ Dynkin
( agram automorphism). , $\omega$ $\mathfrak{g}$ $\omega\in \mathrm{A}\mathrm{u}\mathrm{t}(\mathfrak{g})$ ,
$\omega(\mathfrak{h})=\mathfrak{h}$
$\{\begin{array}{l}\omega(x_{|}.)=x_{\omega(|)}\omega(y_{\dot{l}})=y_{\omega(|)}\omega(\alpha^{\vee}\dot{.})=\alpha_{\omega(|)}^{\vee}\end{array}$
$\mathrm{f}\mathrm{o}\mathrm{r}\mathrm{f}\mathrm{o}\mathrm{r}\mathrm{f}\mathrm{o}\mathrm{r}i\in Ii\in Ii\in I,$
” (1.2.2)
(see [FSS, \S 3.2] $\mathrm{m}\mathrm{d}[\mathrm{S},$ \S 1.1]). $\omega^{*}:$ $\mathfrak{h}^{*}arrow \mathfrak{h}^{*}\text{ }$
$(\omega^{*}(\lambda))(h):=\lambda(\omega^{-1}(h))$ for $\lambda\in \mathfrak{h}^{*},$ $h\in \mathfrak{h}$ (1.2.3)
,
$(\mathfrak{h}^{*})^{0}:=\{\lambda\in \mathfrak{h}^{*}|\omega^{*}(\lambda)=\lambda\}$ , $\overline{W}:=\{w\in W|\omega^{*}w=w\omega^{*}\}$ (1.2.4)
. $(\mathfrak{h}^{*})^{0}$ symmetric weight .
$P\subset \mathfrak{h}^{*}$ $\omega^{*}$-stable $\mathrm{i}\mathrm{n}\mathrm{t}\mathrm{e}\Psi^{\mathrm{a}1}$ weight lattice , $i\in I$ , $\alpha:\in P$
,
$P_{+}:=\{\lambda\in P|\lambda(\alpha_{1}^{\vee}$. $)\in \mathbb{Z}_{\geq 0}$ for a $i\in I\}$ (1.2.5)
.
$\lambda\in P_{+}\cap(\mathfrak{h}^{*})^{0}$ . , $\omega$ { $\omega\rangle$ $L(\lambda)$
, (cf. $[\mathrm{N}\mathrm{S}1,$ \S 4.1]):
$\{\begin{array}{l}\omega\cdot(xv)=\omega(x)(\omega\cdot v)\mathrm{f}\mathrm{o}\mathrm{r}x\in g,v\in L(\lambda)\omega\cdot v_{\lambda}=v_{\lambda}\mathrm{f}\mathrm{o}\mathrm{r}v_{\lambda}\in L(\lambda)_{\lambda}\end{array}$ (I.2.6)
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, $w\in\overline{W}$ , $L_{w}(\lambda)$ $\langle\omega\rangle$ \sigma
$\backslash$ .
, $L(\lambda)$ restricted dual $L(\lambda)^{*}$ $L_{w}(\lambda)^{*}$ $\langle\omega\rangle$ ,
$(\omega\cdot f)(v)=f(\omega^{-1}\cdot v)$ for $\{\begin{array}{l}f\in L(\lambda)^{*}(\mathrm{r}\mathrm{e}\mathrm{s}\mathrm{p}.. f\in L_{w}(\lambda)^{*})v\in L(\lambda)(\mathrm{r}\mathrm{e}\mathrm{s}\mathrm{p}v\in L_{w}(\lambda))\end{array}$ (1.2.7)
.
13Orbit Lie algebras. $i,$ $j\in I$ ,
$c_{ij}:= \sum_{k=0}^{N_{j}-1}a_{i,\mathrm{t}v^{k}(j)}$ (1.3.1)
. , $N_{i}:=\#\{\omega^{k}(i)|k\geq 0\}$ . $I$ #
$\mathrm{F}f$
$\omega$-orbit
$\hat{I}$ , $\dot{I}:=\{i\in\hat{I}|c_{ii}>0\}$ . ,
$\hat{a}_{ij}:=2c_{ij}/c_{j}$ for $i,$ $j\in\hat{I}$ (1.3.2)
. ,
$c_{i}:=\{$
$c_{ii}$ if $i\in\dot{I}$ , (1.3.3)
2otherwise,
. , (see[FRS, Lemma 2.1]).
Proposition LL $\hat{A}:=(\hat{a}_{ij})_{i,j\in\hat{I}}$ , symmetrizable Borcherds-Cartan matrix
, $\hat{A}:=(\hat{a}_{ij})_{i,j\in\dot{I}}$ , symmetrizable GCM .
$\hat{\mathfrak{g}}=\mathfrak{g}(\hat{A})$
$\hat{A}$ generalized Kac-Moody algebra , $\hat{\mathfrak{h}}$ Cartan
subalgebra, $\{\hat{x}_{i},\hat{y}_{i}\}_{i\in\hat{I}}$ Chevalley generators,
$\overline{W}$ Weyl group .
Definition 12. $\hat{\mathfrak{h}}$ $\{\hat{x}_{i},\hat{y}_{i}\}_{i\in\dot{I}}$ $\hat{\mathfrak{g}}$ subalgebra $\dot{\mathfrak{g}}$ ,
$\omega$ orbit Lie algebra .
(see $[\mathrm{F}\mathrm{R}\mathrm{S},$ Propositon 3.3 and Corollary 3.4]):













path model (cf. $[\mathrm{L}1]-[\mathrm{L}5]$ ).
2.1 Notation. $\pi$ : $[0, 1]arrow \mathrm{R}\otimes_{\mathrm{Z}}\mathfrak{h}^{*}$ , $\pi(0)=0$
, path . , 2 path $\pi,$ $\pi’$ , ,
$\psi,$ $\psi’$ : $[0, 1]arrow[0,1]$ , $\pi\circ\psi=\pi’\circ\psi’$
, $\pi$ $\pi’$ (reparmetrization). $\mathrm{B}$ path
(modulo reparametrization) , $\mathrm{B}_{\mathrm{i}\mathrm{n}\mathrm{t}}:=\{\pi\in \mathrm{B}|\pi(1)\in P\}$ .
$e_{\dot{*}}$ : $\mathrm{B}_{\mathrm{i}\mathrm{n}\mathrm{t}}\cup\{\theta\}arrow \mathrm{B}_{\mathrm{i}\mathrm{n}\mathrm{t}}\cup\{\theta\}$ $f_{\dot{l}}$ : $\mathrm{B}_{\mathrm{i}\mathrm{n}\mathrm{t}}\cup\{\theta\}arrow \mathrm{B}_{\mathrm{i}\mathrm{n}\mathrm{t}}\cup\{\theta\}$ , $\alpha$:
raising root operator, lowering root operator (cf. [L2, \S 1]). , $\theta$ ,
symbol .1 root operator , $\mathbb{B}_{\mathrm{i}\mathrm{n}\mathrm{t}}$ # , crystal
.
2.2 Lakshmibai-Seshadri paths. path model ,
path Lakshnibai-Seshadri path(L-S path) . $\lambda\in P_{+}$ . shape
$\lambda$ L-Spath , “chain condition” , $W\lambda$
weight $\underline{\nu}$ : $\nu_{1}>\nu_{2}>\cdots>\nu_{\epsilon}$ ( , $\geq$ $W\lambda$ “$\mathrm{B}$ at order”)
$\underline{a}:0=a_{0}<a_{1}<\cdots<a_{\epsilon}=1$
$(\underline{\nu}:\underline{a})$ path .
$\mathrm{B}(\lambda)$ , shape $\lambda$ L-Spath ,
$\mathrm{B}_{w}(\lambda):=\{(\nu_{1}, \ldots ; \underline{a})\in \mathrm{B}(\lambda)|\nu_{1}\leq w(\lambda)\}$ (2.2.1)
. , .
Theorem 2.1 ([L1] $\mathrm{m}\mathrm{d}[\mathrm{L}2]$ ). (1) $\mathrm{B}(\lambda)\subset \mathrm{B}_{\mathrm{i}\mathrm{n}\mathrm{t}}$ .
(2) $\mathrm{B}(\lambda)\cup\{\theta\}$ root operator .
(3) $\pi\in \mathrm{B}(\lambda)$ , $i_{1},$ $i_{2},$
$\ldots,$ $ik\in I$ , $\pi=f_{1}.1f_{1}.2\ldots f_{1}.k\pi_{\lambda}$
. , $\pi_{\lambda}(t):=(\lambda;0,1)=t\lambda$ .
(4) { $\pi\in \mathrm{B}(\lambda)|e:\pi=\theta$ for a $i\in I$ } $=\{\pi_{\lambda}\}$ .
(5)








,, t\breve -*‘}rL‘‘ . $t\in[0,1]$ $\pi(t)=0$ path.
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23Standard paths. 2 path $\pi_{1},$ $\pi_{2}\in \mathrm{B}_{\mathrm{i}\mathrm{n}\mathrm{t}}$ ,
$(\pi_{1}*\pi_{2})(t):=\{$
$\pi_{1}(2t)$ if $0\leq t\leq 1/2$ ,
$\pi_{1}(1)+\pi_{2}(2t-1)$ if $1/2\leq t\leq 1$ ,
(2.3.1)
($\pi_{1}$ $\pi_{2}$ concatenation). , $\pi_{1},$ $\pi_{2},$ $\pi_{3}\in \mathrm{B}_{\mathrm{i}\mathrm{n}\mathrm{t}}$ , modulo
reparametrization , $(\pi_{1}*\pi_{2})*\pi_{3}=\pi_{1}*(\pi_{2}*\pi_{3})$ .
$\lambda_{1},$ $\lambda_{2},$





Remark 22(cf. [L2, Lemma 27]). $\mathrm{C}\mathrm{a}\mathrm{t}_{i=1}^{n}\mathrm{B}(\lambda_{i})\cup\{\theta\}$ root operator
. , crystal , $\mathrm{C}\mathrm{a}\mathrm{t}_{i=1}^{n}\mathrm{B}(\lambda_{i})\cong \mathrm{B}(\lambda_{1})\otimes \mathrm{B}(\lambda_{2})\otimes\cdots\otimes \mathrm{B}(\lambda_{n})$
(Theorem 2.1 (1), (2) , B(\lambda crystal ).
$\lambda:=\lambda_{1}+\lambda_{2}+\cdots+\lambda_{n}$ , $\underline{\lambda}$ $:=(\lambda_{1}, \lambda_{2}, \ldots, \lambda_{n})$ . $\pi_{\underline{\lambda}}:=\mathrm{C}\mathrm{a}\mathrm{t}_{\dot{\iota}=1}^{n}\pi_{\lambda}:\in$
$\mathrm{C}\mathrm{a}\mathrm{t}_{i=1}^{n}$ B(\lambda root operator path shape $\underline{\lambda}$
standard path ( , standard path $\mathrm{B}(\lambda_{1})\otimes \mathrm{B}(\lambda_{2})\otimes\cdots\otimes \mathrm{B}(\lambda_{n})$
highest weight component path (cf.
Remark 22)).
$\mathrm{C}\mathrm{a}\mathrm{t}_{i=1}^{n}$ B(\lambda standard :
Proposition 23([L3, Theorem 10.1 and Lemma 10.2]). $\pi_{i}=(\nu_{i,1}, \ldots, \nu_{i,s} ;: \underline{a}_{1}.)\in$
$\mathrm{B}(\lambda_{i})$ $(i=1,2, \ldots, n)$ . , $\pi=\mathrm{C}\mathrm{a}\mathrm{t}_{i=1}^{n}\pi_{i}\in \mathrm{C}\mathrm{a}\mathrm{t}_{i=1}^{n}\mathrm{B}(\lambda_{i})$ , stan-
dard , $W\lambda$ $\{\lambda_{i,j} \}_{i=1,2,\ldots,n,j=1,2,\ldots,s}:(\pi$ defin-
$\mathrm{i}\mathrm{n}\mathrm{g}$ chain) $\text{ }$
(i) $\lambda_{1,1}\geq\cdots\geq\lambda_{1,s_{1}}\geq\lambda_{2,1}\geq\cdots\geq\lambda_{2,s_{2}}\geq\cdots\cdots\geq\lambda_{n,1}\geq\cdots\geq\lambda_{n,s_{n}}$ ,
(ii) $p_{i}(\lambda_{i,j})=\nu_{\dot{\iota},j}$ ,
. , $p_{i}$ : $W\lambdaarrow W\lambda_{i}$ canonical map
. , standard path $\pi$ , $\pi$ defining chain $\{\lambda_{\pi_{j}}^{\min}\}_{i,j}i,j$ ,
(minimal defining chain): $\pi$
defining chain $\{\lambda_{i,j}\}_{i,j}$ , $\lambda_{\pi- i,j}^{\min}\leq\lambda_{i,j}$ , $i,$ $j$
79
$\mathrm{B}(\underline{\lambda})$ , shape $\underline{\lambda}$ standard path . , $w\in W$ ,
$\mathrm{B}_{w}(\underline{\lambda}):=\{\pi\in \mathrm{B}(\underline{\lambda})|\lambda_{\pi 1,1}^{\mathrm{m}\dot{\mathrm{m}}}\leq w(\lambda)\}$ (2.3.4)
. , $\mathrm{B}(\underline{\lambda})$ $\mathrm{B}_{w}(\underline{\lambda})$ Theorem 2.1
. , character formula :
$\sum$ $e(\pi(1))=\mathrm{c}\mathrm{h}L(\lambda)$ , $\sum$ $e(\pi(1))=\mathrm{c}\mathrm{h}L_{w}(\lambda)$ , (2.3.5)
$\pi\in \mathrm{B}(\underline{\lambda})$ \pi \epsilon $(\underline{\lambda})$
3 Main Results.
, $\lambda_{1},$ $\lambda_{2},$ $\ldots$ , \lambda n\in P $(\mathfrak{h}^{*})^{0}$ $w\in\overline{W}$ .
3.1 Standard paths fixed by ’. path $\pi$ , $(\omega^{*}(\pi))(t):=\omega^{*}(\pi(t))$
. , $\mathrm{B}(\underline{\lambda})$ $\mathrm{B}_{w}(\underline{\lambda})$ $\omega^{*}$-stable . ,
$\mathrm{B}^{0}(\lambda):=\{\pi\in \mathrm{B}(\lambda)|\omega^{*}(\pi)=\pi\}$ , $\mathrm{B}_{w}^{0}(\lambda):=\mathrm{B}_{w}(\lambda)\cap \mathrm{B}^{0}(\lambda)$ (3.1.1)
. orbit Lie algebra path $\hat{\pi}:[0,1]$ \rightarrow ^h*1 , $(P_{\omega}^{*}(\hat{\pi}))(t):=$
$P_{\omega}^{*}(\hat{\pi}(t))$ . , .
Theorem 3.1( $[\mathrm{N}\mathrm{S}3$, Theorem 4.4]). $i=1,2,$ $\ldots,$ $n$ , $\hat{\lambda}_{1}$. $:=(P_{\omega}^{*})^{-1}$ (\lambda
, $\hat{\lambda}:=\hat{\lambda}_{1}+\hat{\lambda}_{2}+\cdots+\hat{\lambda}_{n}$ $\hat{\underline{\lambda}}:=(\hat{\lambda}_{1}, \hat{\lambda}_{2}, \ldots, \hat{\lambda}_{n})$ . , $\hat{w}:\ovalbox{\tt\small REJECT}$
$\Theta^{-1}(w)$ . ,
$\mathrm{B}^{0}(\underline{\lambda})=P_{\omega}^{*}(\dot{\mathrm{B}}(\hat{\underline{\lambda}}))$ , $\mathrm{B}_{w}^{0}(\underline{\lambda})=I_{\mathrm{t}t}^{*}(\dot{\mathrm{B}}_{\hat{w}}(\hat{\underline{\lambda}}))$ (3.1.2)
. , $\dot{\mathrm{B}}(\hat{\underline{\lambda}})$ orbit Lie algebra $\dot{\mathfrak{g}}$ shape $\hat{\underline{\lambda}}$ standard
path , $\dot{\mathrm{B}}_{\hat{w}}(\hat{\underline{\lambda}})$ , shape $\hat{\underline{\lambda}}$ standard path , nimal defining
chain $\hat{w}(\hat{\lambda})$ .
Remark 3.2. $n=1$ , Theorem 3.1 L-Spath (see
[$\mathrm{N}\mathrm{S}3$ , Theorem 4.2] $)$ . , $[\mathrm{N}\mathrm{S}1, \mathrm{T}\mathrm{h}\infty \mathrm{r}\mathrm{e}\mathrm{m}3.2.4]$ ([NS1]
, $\dot{I}=\hat{I}$ (cf. \S 1.3) diagram automorphism ).
3.2 Standard monomials fixed by $\omega$ . [L6] , Littelmann standard
monomial $\pi\in \mathrm{B}(\underline{\lambda})$ $p_{\pi}\in L(\lambda)^{*}$ ,
$\{p_{\pi}|\pi\in \mathrm{B}(\underline{\lambda})\}$ $L(\lambda)^{*}$ ( $p_{\pi}$
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weight $-\pi(1)$ ). $\{p_{\pi}|_{L_{w}(\lambda)}\in L_{w}(\lambda)^{*}|\pi\in \mathrm{B}_{w}(\underline{\lambda})\}$ $L_{w}(\lambda)$
. standard monomial $\langle\omega\rangle$ $L(\lambda)^{*}$
(cf. Ql 2) :
Theorem 33( $[\mathrm{N}\mathrm{S}3$ , Theorem 4.6]). $\pi\in \mathrm{B}(\underline{\lambda})$ # , $\omega\cdot p_{\pi}=p_{\omega^{*}}(\pi)$
. , $p_{\pi}$ $\omega$ $\pi\in \mathrm{B}^{0}(\underline{\lambda})$
. , $\omega$ standard monomial
orbit Lie algebra standard monomial l [
1 1 : $p_{\pi}rightarrow.\dot{p}_{\hat{\pi}}1.1$ . , $\dot{p}_{\hat{\pi}}$ $\hat{\pi}:=(P_{\omega}^{*})^{-1}(\pi)\in\dot{\mathrm{B}}(\hat{\lambda})$
standard monomial .
4Twining Character Formulas.
, twining character formula .







Corollary 4.1 (see also [FRS], [KN], and [S]). $\hat{\lambda}:=(P_{\omega}^{*})^{-1}(\lambda),\hat{w}:=\Theta^{-1}(w)\text{ }$
. , :
$\mathrm{c}\mathrm{h}^{\omega}(L(\lambda))=P_{\omega}^{*}(\mathrm{c}\mathrm{h}\dot{L}(\hat{\lambda}))$ , $\mathrm{c}\mathrm{h}^{\omega}(L_{w}(\lambda))=P_{\omega}^{*}(\mathrm{c}\mathrm{h}\dot{L}_{\hat{w}}(\hat{\lambda}))’$. (4.2.1)
, $\dot{L}(\hat{\lambda})$ , highest weight $\hat{\lambda}$ integrable highest weight $\dot{\mathfrak{g}}$-module ,
$\dot{L}_{\hat{w}}(\hat{\lambda})\subset\dot{L}(\hat{\lambda})$ Demazure module .
Proof. $L(\lambda)$ ( $L_{w}(\lambda)$ ). , $L(\lambda)^{*}$




. $\ovalbox{\tt\small REJECT} 2$ , {$p$. $\epsilon L(\lambda)\ovalbox{\tt\small REJECT}\pi \mathrm{C}\mathbb{B}(\ovalbox{\tt\small REJECT})$ with $-\pi(\mathfrak{y}\ovalbox{\tt\small REJECT}\chi$ } ,
(L(\lambda ) . , Theorem 33 , $\chiarrow$ (h 0
, $\langle\omega\rangle$ .
$\mathrm{t}\mathrm{r}(\omega|(L(\lambda)*)_{\chi})=\#$ {$p_{\pi}|\omega\cdot p_{\pi}=p_{\pi},$ $\pi\in \mathrm{B}(\underline{\lambda})$ with $-\pi(1)=\chi.$}
$=\#\{\pi\in \mathrm{B}^{0}(\underline{\lambda})|-\pi(1)=\chi\}$ by Theorem 3.3,
,
$\mathrm{c}\mathrm{h}^{\omega}(L(\lambda)^{*})=\sum_{\pi\in \mathrm{W}(\underline{\lambda})}e(-\pi(1))$ (4.2.2)
. [KN, Theorem 322] , ch”(L(\lambda ) =\Sigma \chi \in (fJ.) e(\chi ) ,
ch\mbox{\boldmath $\omega$}(L(\lambda ))=\Sigma \chi \in $c_{\chi}e(-\chi)$ . ,
$\mathrm{c}\mathrm{h}^{\omega}(L(\lambda))=\sum_{\pi\in \mathrm{W}(\underline{\lambda})}e(\pi(1))$ by (4.2.2)
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